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Abstract

We setup aconnectionbetweenContinuousTimedPeti
Nets (the fluid version of usual Timed Petri Nets) md
Markovdecisionprocesses.Wecharacterizethe subclass
of ContinuousTimedPetri Nets correspondingto undis-
countedaveragecoststructure.Thissuhlass satisfiescon-
servationlaws and shows a linear growth: one obtains
as mere applicationof existingresultsfor DyraunicPro-
grammingtheexistenceof anmymptoticthroughput.This
rate cm be computedusing Howard-typealgorithms.or
by an extensionof the wellknowncycle timeformulafor
timed event graphs. We present an illustratingexmple
and brieflysketchthe relationwiththediscretecase.

Keywords— Peti Nets, Dynamic Programming,
Markov Decision Processes. Discrete Event Systems,
Maxplusalgebra.

I. Introduction

The fact that a subclassof DiscreteEventSystemscan
be representedby Iin= equationsin the (min.+)or in the
(max.+)semiringis now atmost classical [7], [2]. The
(rein,+)linearitytilows the presenceof synchronization
andsaturationfeaturesbutprohibitsthemodelingof many
interestingphenomenasuch as “birth”md “death”pro-
cesses(multiplicationof tokens)and concurrency.More
recently[3], [8], it wasrdized that undersomeassump-
tions on the routing policies, these additiond features
couldberepresentedby moregeneralrecurrences,involv-
ing both conventionallinear systemsand (rein,+) linear
systems.Fromthecontroltheoreticalpointof view,these
arepolynomial systemsover the (rein,+)tigebra, that is,
theexact (rein,+)counterpartof conventionalpolynomial
discretetimesystems.Thisapproachwas outlinedin [8],
whereinp,articulmthe(rein,+)andogueofVolterraexpan-
sionwasgiven.

Another(simpler)pointof viewis basedon Markovde-
cisionprocesses.As shownin [8], the “poiynomid”Petri
Netequationscan be interpretedas thedynamicprogram-
mingequationsofa canonicalMarkovdecisionprocessas-
sociatedwiththenet,equippedwithanadditivediscounted
cost. Moreexpliciteiy,thecounterfunction(numberof fir-
ings)of transitionq at time t is equal to the value func-
tionat stateqfortheassociatedMarkovdecision process in
horizont. Ofparticularinterestis thecaseof undiscounted
costs: thenthe vatuefunctiongrowslinearlyas a function

of the horizon,and for the correspondingPetriNets(that
wecdl undiscounted),thereexistsan asymptotic (hrough-
put (meannumber of tiringsof a giventransitionper time
unit). UndiscountedPetri Nets are chmacterizedby the
followingsimplestructurtiproperty:therewe as manyin-
putas output,arcsat each place. Then, the routingpolicy
isuniquelydefined(onehastoroutethetokensequallyto-
wmdsdownstreamarcs). WeshowthatundiscountedPetri
Netsadmit P-invariants(linearcombinationof markings
invariantby firing of transitions). They atso admit T-
invariants(sequencesof fings preservingthe marking)
whichmebest interpretedas an input-outputhomogeneity
property:if we distinguishbetweeninputtransitions(rep-
resentinge.g.theavailabilityof raw materitis)andoutput
transitions(representingfinishedparts)and if we addone
unitofeachinputmatend. thenoneobtainsonemoreunit
of each finishedpart. Finflly, we introducethe class of
Peti Netswithpotential, obtined fromundiscountedPetri
Netsviarescdings (changesof units).Thisclassis suited
to the modelingof productionsystemsin whichpartsare
producedaccordingto differentratios.

A more completepresentationin a systemtheoretical
spiritwillbe found in [8], to whichthe readeris referred
for omittedproofs. Here,we focuson the maincomputa-
tionalconsequenceofthisapproach,thatis. theasymptotic
throughputformula.

11, ContinuousTimed Petri Nets under Stationary
Routing Policies

Fig.1. A TimedPetriNet.

The definitionof ContinuousTimedPetri Nets is syn-
taxicdly verysimilarto thatof conventiontiTimedPetri
Nets:oneh’asto spwify thetopologyof thegraph,the ini-
ti~ marking,and[hedurations.Themaindifferenceliesin
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the functioning and the interpretationof thesystem,since
fluidsinsteadof tokenscirculatein the net.

Definition11.1(CTPN). A Continuous TimedPetri Net
withMultipliers(CTPN)is a valuedbipartitegraphgiven
by a 5-tupleA’ = (T, Q, JM,m, ~) with the following
characteristics.

1. T is a finite set whose elementsare ctild places.
Placesshouldbe seenas reservoirs,with inputand output
pipes,in whicha liquidflowsaccordingto a dynwics de-
scribedlateron.
2. Q isa finiteset whoseelementsarectiled transitions.

Transitionsmixtheflowscomingfromtheplacesimmedi-
atelyupstre’amin givenproportionsmd instantaneously,
andpourtheresultingliquidin downstreamplacesdso in
given proportions.
3. M E (Rt)Px ‘UQ ‘F. The multiplier MPq (resp.

.MgP)givesthenumberof edgesfromtransitiong to place
p (resp. from place p to trmsition q). Weallownoninteger
numberofedges.Thezerovahtefor M codestheabsence
of edge. Wesay that vertex(placeor transition)r is up-
stream vertexs if JM,,# O.EquivNently,s isdownstream
r. Wedenoteby routthesetof verticesdownstrem vertex
r andby rl”thesetof upstreamvertices.Multipliersdeter-
mine the mixingand dispatchingproportionsas follows:
transitionq ties MqP molecules of fluidfrom each up-
strem placep, and producesMPI~molecules3of fluidin
each downstra place p’. The mixingprocessat transi-
tionq continuesas longx all the upstreamplacesare non
empty.When a place is upstreamseveral ~sitions. we
assumethatthereisa routingmechanismfixingwhichpro-
portionsoftheflowshouldbe sentto theconcurrentdown-
strem transitions.Keepingthe discreteterminology,we
will still cdljring of transitionq theconsumptionof M~P
moleculesin each upstrem placep and theproductionof
MPI~moleculesin eachdownstreamplace,but now,trart-
sitionfiringsare countedwithred numbers.
4. m c (R+)p represents the initial marking: mP gives

the amount of fluid initially avtilable in place p.
5. r E (R+)p (holdingtimes): TPgives the sojourn

timein placep. i.e. the minimaltime from the entry of a
moleculein placep to its avaibilityfor the firingofdown-
streamtransitions.Thisdelaymaybe causedfor exmple
by a prep’wationtimerequiredfor heatingor homogeniz-
ingthe fluid.

Lmere is no loss of modeHingpower in assuming the mixing operation
to be msrantaneous, since mixing delays can be incorporated in sojourn
times in resewoirs, possibly after adding places and transitions.

2Continuous Petri nets differ from discrete (conventiorrat)ones in that
the fluid quantities are infinitely divis]ble. E.g. consider a transition q
with two upstream places p,, p2, one downstream place p3, and mix-
ing ratios lVf<7Pl= 1. JWqP2= 2, ,Wp3q = 1. Assumethatthereis 1
molecule of fluid in each upstream place. men the continuous approxi-
mation consumes 1/2 molecule m PI and 1 molecule in p2 to produce
1/2 molecule in p3. whilein the discrete +ore realistic— case, the
transition is blocked (no chemicaf reaction can occur)

3Quantities of fluid are measured in number of molecules rather than
in volume or mass. Note tiat in eeneral. fluidmeasures are not oresemed

Definition11.2(RoutingPolicy). A (stationary. origin
independent) routing policy is a map p : Q x T + P,+,
such thatVP C ~+ 2qCPti Pf/P = 1. Pqp determinesthe
proportionof fluidrouted to the downstreamtransitionq
by placep. The inititi stockof fluidmPis routedwiththe
sameproportions.

We next give the dynamicequationssatisfiedby the
TimedPetri Net. Counter functions are &ssociatedwith
nodes of thegraph:

1, 2P(t) denotesthecumulatedquantityof fluidswhich
hasenteredplacepup to timet, includingtheinitialstock;
2. Zq(t) denotes the cumulatednumberof firingsof

trmsitionq up to time t.

Allthesecumulafed quantitiesareofcoursenondecreasing
functions.

Wefocushereon theau[onornousregime,thatiswem-
samethatthecountertrajectoriesZr (t), r,s G Q u T are
frozenfor t < 0 at a given initialcondition.and we let
thesystemevolvefreelyfor t ~ O.A moregenerti input-
outputapproach(theset of transitionsbeingpartionnedin
inputistate/outputtransitions)is detailedin [8],[9].

Weintroducethe notation

PropositionD.3. The counter variables of a CTPN sat-
isfy thefollowing equations6

(la)

(lb)
qcp’”

Remark /1.4. From (l). we deduce the transition-to-
transitionequation:

Z~(t) = minrp’ (mp + ~ flpqZg/(t – ~,))] (2)P<q,”[9P
q’Ep’”

Dutily,theplace-to-placeequationcm be obtained:

Zp(t) = mp + ~ pPq, min (/L~,P,ZP~(t – ~p))
p’c(q’)~

q’Gp”
(3)

Remark 11.5. If 7P = O for some places, system (1) be-
comes implicit and we may have difficulties in proving the
existenceof a bnitesolution.Wesay thattheCTPNis e.~-
plicit if thereisnocircuitscontainingonlyplaceswithzero
holdingtimes.Then, (1) becomesexplicitin time,that is,
if one knowsthe past vtiues 2, (~), ~ < t, the counter
functionsZ, (t)! s E T U g, can becomputedsequentially
from(1)(usingan appropriateorderof the vertices).

4Moregeneratroutingpolicies were considered in [8]. It is possible, up
to a minor increase of complexity, to consider origin dependent routings,
that is to assume that the muting of a given quant]ty of fluid at p[ace p
depends of the transition from which it comes. Initial stocks may also
admit a particular routing (distinct from the stationa~ one). WeshaUnot
enter in these de~ils here.

5,Veasuredin number of molecules.
6We adopt the convention ~qedo = O. so that (1h) becomes

ZP(t) = nIP when pm = 0.
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Remrk 11.6. We note that (1) reads ,asthe couplingof a
convention:dIine’arsystemwitha (rein, x ) linearsystem.
Let us assumeTP= 1,Vp,for simplicity.Then7,

the matrix product of the dioids R~in,. gf (R+* “

{+m}, min. x).

E.xumple11.7. The TimedPetriNet depictedin Fig. 1has
four places7 = {pl, ~ ~
{91)’”

, P4 } and six transitionsQ =
, ~6}. me coefficientsMPqmd .MqPwe visu~-

izedonthepicturebythenumberofarcsgoingfroma tran-
sitionto a placeor froma placeto a trwsition. The initial
stocksare notindicated.In orderto simplifythenotation,
weshtil writepjj insteadof p~,Pj,mi insteadof mp,, etc.
Theroutingpolicyisdisplayedin thefigurewithgreeklet-
ters, i.e. pll = 7, P41 = d, P32 = a, P22 = $ t

p53 = 1, p14 = v! P64=<, With a+6=

1, y+d=l, q + ( = 1. Therefore,the dynam-
icsof thesystem(see(4))isdescribedby thefourmarnces
m = (m;)~=l ,4, T = (~i)i=l ..4,

PPQ =

010100
102000

)
100000’
000011

The behaviorof the system can be easily simulatd by
computingthematrixproducts(4),startingfroman initial
conditionZQ(t), t <0.

Werefer ther~der to [3] for the study of similarequa-
tionswhenthedelaysare mdom variables.

~1. StochasticControl Interpretation of Continuous
Timed Petri Nefi

We associate with a CTPN the following canonical
M,arkovDecisionProcess.

1. The timeevolvesb,ackward.
2. Theset of Markovchainstatesis Q. Theprobability

Pp, of the tr~sition q + q’ fromtime n to time 71– 1
u~~erthe decisionp is givenby

q’ep’n

It is essentiti to note that the processmovesbackward in
the graph, i.e. if the Petri Net h,asan ,arcq’ + p + q.
then the moveq + q’ for the wsociatedMarkovchain is
allowed.

7Wedenoteby ZQ (resp. Zp ) therestriction of Z totraditions (resp.
to places). me convention for PPq is similar.

8A dioid [7], [2] is asemiring whose addition is idempotent: aoa = a.

3. Theset~,d ofadmissiblecontrolhistoriesisthesetof
sequencesP1, ,p~such thatpmE q; Md thedecision
pn is a feedbackover q..
4. The discountedcost to be minimizedknowingthat

weSW at time t fromstateq is

t
J(p, t, q) = E{zqo(0)eot+ ~ ~qmpn,~”t19t= Y})

n=l

wherewe haveused uqP‘~f~~Pmp and denotedthestate
trajectoryand controldependentactualizationby

Proposition~1.1. For a CTPN such rhat rp ~ 1, the
counterfunction coincides with the valuefunction:

Zq(t)= P$;ti J(p, t, g) (5)

Proofi If wewritedownthedynamicprogrammingrecur-
sion for Vq(t) ‘~f infPePd J(p, t, g), we obtainprecisely
Eq. (2). ❑

The case of integer but non identictily 1 delays could
be interpretedalongthe samelines,althoughwritingpre-
cisely the resultingMarkov DecisionProcesswouldbe
slightlymoreinvolved.

DefinitionIH.2. Wesay thata CTPN

1. is balanced if Vp, ~q~P_ i~qp = ~q, ~P~lVPq,,that
is if thereareas mmy arcsupstreamanddownstreameach
place;
2. is undiscountedif aqPG 1;
3. admits apoiential if thereexistsa vectorv E (R‘*)Q

(ctiled potential)such that the changeof variableZq =
vqZj makesthe CTPNundiscounted.

Theorem IH.3. 1, A CTPN becomes undiscountedun-
der a (stationary, origin independent) routingpolicy if it
is balanced.
2. A CTPN admits a potential v for some (stationa~,

origin independent) routing ifl

Then,

vqEQ, pcqin, vq= x Ll;pllpq’Vq’ (7)
q’cp’n

Proof. Sincethe specitiizationof item2 to unitpotential
yieldsitem 1,weonlyproveitem2. TheCTPNhaspoten-
tialv iff for til p, the matrix

Pp = v; ‘Iw(l;’pqplv[pqlVqlqq’

is stochastic.Summingup as q’ E pi”, we get
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that is (7). Summing up (8) as q E p“”’ and using
E ~~PUPYP= 1we get thenecess~ condition(6).Con-
versely, when (6) is true, the routingpolicy

(9)

turns v; 1/Uq~lpqpIblPq,Vq, to a stochasticmatrix which
showsthat(6) is dso a sufficientcondition. ❑

Example1/1,4.The Petri Net shownin Fig 1 is btiartced
sinceat each place the same numberof arcs arrivesand
leaves. Thereforethe Petri Net admitsw undiscounted
stochasticcontrolinterpretationas soonas theroutingpol-
icyxsigns the flowequtily to theoutgoingarcs. that is

a=l/:l, 8=2/3, 7= J= l/2,?/ =(=1/2. (10)

Indeed,in this case the potentialis Vgs 1,and the only
compatibleroutingis givenby (9). The non-zerorowsof
thematricesPP are givenas follows:

o 1/2 o 1/2 o 0
0000 1/2 1/2

1/3 o 2/3 o 0 0
1/3 o 2/3 o 0 0
0 1/2 o 1/2 o 0
100000

0000 1/2 1/2

(11)

Example III.5. Using a + O = 1,7 + 6 = 1,q + < = 1
togetherwith(7),someelementaryeliminationshowsthat
theCTPNadmitsa potentialas soonas a = 1/3. Then:

V=(1 1 1 (1–y)/~ 1 (1–~)/q). (12)

IV. AsymptoticProperties of UndiscountedPetri Nets

In thissectionwe use the stochasticcontrolinterpreta-
tionto obtainexplicitformulmfor the throughputof bN-
McedCTPNand CTPNwithpotential.

Theorem lV.1. For a strongly connected undiscounted
CTPN, we have

where A is a constant. The periodicthroughputAis char-
acterized as the uniquevuluefor whichujni(e vector w is
solution of

w = min (u.p – Arp + Ppw) (13)
P

Proof, This is an adaptationof standardstochasticcontrol
results[12,Chap. 33, Th. 4.1]. The growthrate Ais in-
dependentof the initialpoint q for the subclmsof com-
municatingsystemsg,Thisassumptionisequivalentto the
strongconnectednessof the net. ❑

q~e sYstemis communicating if for aft q,q’, thereisapolicy~ad an
integer k such that (PJq, )k > 0, that is, there is a policysuch that there

ex]sts a path from q to q’ with non zero probability.

10forshort)isa map~~: Q ~Afeedbackpolicy (orpolicy ,
T. Thepolicyis admissible if u (q) = q’”,thiitis, if setting
P. = u(qn) yieldsand admissiblepolicy for the corre-
spondingstochasticcontrolproblem.The followingvec-
torsmd matrices‘areassociatedwitha policyu.

Remark IV2. Equation(13)can be solvedefficientlyus-
ingHowarddgonthm (policyiteration).

1. Inititiization: select a policy u such that P“ is
stronglyconnected(irreducible).
2. Givena policy Unsolve

u“Wn=v —~nrum + punwn ,

where the unknowns are (An, w“). This is a linearsystem
which has a uniquesolutionif we imposew; = O(forex-
tiple) andif thepolicymatrixP Un is stronglyconnected.
3. Given(An,Wn)improvethe policyby

un+l(q) = argminp[v.p - AnTp + Ppwn]q , Qq E Q

Thisalgorithmdefinesa positivedecreasingsequenceof
~“ convergingin a finitenumberof stepsto the searched
throughputA.Thealgorithmis properlydefinedif at each
stepwegeta stronglyconnectedpolicymatrix.Thisisnot
tiways possible(in pmticular,for the exmple deah with
here, the only two policymatricesare not stronglycon-
nected,see Ex.IV.4infra). We will not discusshere the
extensionof the algorithmto the non stronglyconnected
case.

There is M equivalentcharacterizationof Awhichex-
hibitsthe antiogy with theTimedEventGraphscasein a
betterway. We denoteby R(u) the set of find classesof
thematrixP“. For eachclassr E R(u). wehavea unique
invariantmeasure~ur with supportr (i.e. rur Pu = rur,
and~;r = Oifq @r.)

Theorem IVJ (AsymptoticThroughput Formula).
For an undiscountedCTPN, we have

(14)

Thus. Ais the minimti ratio of the mw markingover
the mean holding time in the places visited while fol-
lowinga stationarypolicy. This result shouldbe com-
pared with the well know periodicitytheorem (see e.g.
[2])whichstatesthat a (stronglyconnected)TimedEvent
Graphreachesa periodicregimeafter a finitetime, with
throughput

(15)

wheretheminimumis tien overthe(elementary)circuits
of thegraph.Sincein thecmeofTimedEventGraphs,the
find classesare preciselycircuitsand the invtiant mea-
suresareuniformon thefind classes,(14)reducesto (15).

10~1~ feedbackpO[icYhasnothing to do with the rOt~tingpOlicYintr-

oducedin section [1.
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Example IV4. For thecurrentexample,it is easy to com-
putethe throughputintroducedin Th. IV.1,whichis inter-
pretedin stochasticcontroltermsas:

Indeed.theyare only two policies. If we use the strategy
?il: “chooseP1whenwe we in gl” (seeFig 2), we obtirt
thematrix

pul =

o 1/2 o 1/2 o 0
1/3 o 2/3 o 0 0
1/3 o 2/3 o 0 0
0 1/2 o 1/2 o 0
100000
0000 1/2 1/2

If we use the strategy u4: .’choose p4 whenwe are in gl.’

(seeFig

-. 1/2

‘k q6
1/2

23+

1
li2

1[2

1/2‘4
.

Fig.2. Markovchainassociatedwith P“

3),,we get the matrix,

pu4 =

0000 1/2 1/2
1/3 o 2/3 o 0 0
1/3 o 2/3 o 0 0
0 1/2 o 1/2 o 0

\
100000
0000 1/2 1/2

Theinstantaneouscostat eachstepisgivenbythetist row

qs
1/2

&

l/J 1[~
lT 6

12
1/3

q~
2/3 l/~

1/3
‘3 2,3 q, 112

q4

.
Fig.3. Markovchainassociatedwith PU’.

of the followingmatrixif the decisionPI is taken,and by
thesecondone if thedecisionP4 is k~en:

(

nil/2 nt2/~ nt2/3 ml/2 ms n34/2
v’ =

)n14/2 n3~/3 m2/3 ntl/2 ntz m4/2

Theonly tind classof the Mwkovchainforthe firststrat-
egy is {~1,q~,q3,q4}and we get the inv:~~tme~ure of
probability

Tl= (l/5 1/5 2/5 1/5 o 0).

For thesecondstsategy,theonly find CIXSof theMarkov
chain is {ql, q5, q6} md we get the invariantmeasureof
probability

T4= ( 1/:1 o 0 0 1/:1 1/:1 )

Thereforethe throughputof thesystemis givenby:

A simulationof the systemform = ( O :1 10 10 )
and r = ( 1 1 2 2 ) is shownin Fig4. Wenotethat
the minimumin (16)is equalto O.6and that it is attained
for the firsttermcorrespondingto the“criticti”find class
{ql, q2, q3, 94}. me tsansientregimeforZs, Z6can beex-
plainedeasilyby the fact that the non criticaltransitions
q~, q6 firstconsumethe initialstock m3 = m4 = 10at
theirown regime,beforebeingdelayedby the criticti fi-
nd class.

3 -,----
3 number of events 26 --/-

4
3 ‘ z5-

-.#-/--”-? /-
j

--

_,-/”--’
I

y-

~?

1 -~ ..2.:.-
8’ .; -

i ,.. >““-~.;
.... ...: ..’-

0- .“”-’

Fig.4. Continuousbehavior

It is not surprisingthat the termsappearingin (14) are
indeedirrvariantsof the net.

Theorem IV.5(Invarianfi). Given an undiscounted
CTPN,for all policy u andfor allfinal class r associated
with u,

is invariantbyjring transitions.

Theorem IV.6(Homogeneity). If Z(t), t E R, is an
admissible trajectory of an undiscounted CTPN, thenL‘
Z(t) + 1,tE R,is also an admissible trajectory

This theoremshouldbe interpretedas follows:if some
trmsitionscm be regardedas inputportsof raw material
(withno upstreamarcs), thenan increaseof 1 unitof dl
inputsinducethesme increaseof dl theotherqumtities.

Theseresultscan beextendedto thecaseof CTPNwith
potential.Witha feedbackpolicyu we associatethe ma-

,,, ,
otherwise);we denoteby X(u) the set of find cl&sesof
R“; whicheachfind classrweassociatea lefteigenvector
of R“; mur = rUrRu with supportr; and wedefinevu, r“
as in TheoremIV.3. We denoteby diagv the diagon:d

II We denote by Z(t) + 1thevector(z~(t) + l)r~~u~
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matrixwith dizigond entries (diag U)qq = Vq. Then. the
followingformulais an immediateconsequenceof Theo-
rem IV.3.

Corollary IV.7. For a strongly connected CTPN withpo-
tentiulv, we have limt+~ ~Zq(t) = Aq , where

Exumple[V8. When a = 1/3. the PetriNet of Fig 1ad-
mitsthepotential(12). An immediateapplicationof (18)
yields:

V. Discretevs. ContinuousBehavior

Toconclude,wewouldliketo indicatehowtheseresults
may help the analysisof conventionti(discrete)Timed
PetriNets.

Firstly, let‘us recall how the dynamics (1) ha to be
modifiedin the discretecase. We now cdl routing pol-
icy at place p a family {HqP}~ePM,where Hqpis a non-
decremingmap N ~ N: H~P(n) tells (he number of to-
kens routed 10 q from p awng the first n ones. Since
{Hqp}qePUis a p~ition of theflowfromp, we have Vn,

E. Hgp(n) = 71. It is not difficultto see that the
tr~~;tion-to-transitionequation(2) becomes

(19)

where [z] = sup{n c N I n ~ z} . See [8] for more
details.

Thediscretecounterpartof a stationaryroutingwith(ra-
tional)ratio pgP is obtined for a periodic functionHqP
withslopepqp. i.e. we assumethat there is an integer c

(periodicity)suchthat~~P(n + c) = Hqp(n) + Pqpc.
Example V1, A possiblediscreteversionof the routing
usedin Ex. 10at placep2 is the following:

In simplerterms. the tokensnumbered3k are routed to
transitionq3,whilethe tokensnumbered3k + 1or 3k + 2
‘arerouted to transitionqz. Other choicesof congruence
me of coursepossible.Similarly,we take:

A simulationfor the same valuesas in Ex IV.4is shown
inFig5, The,asymptoticthroughput(obtainedexperimen-
tally) is A = 0.5, to be comparedwith the continuous
throughput0.6.

37,

33.3
29.4

M.d

22.4
18.~

14.4
11.1:

7.A

numberof evenLs z~ _, ....,

Fig.5. Discretebehavior

More genertily, the followingresults can be stated.
Firstly.we can obviouslybound Hqp(n) by affine func-
tions,i.e. pqP x (?1+ mp) < H~p(n) < Pqpx (n +fip)

– . Then, a comparisonof (2) and (19)
‘or some ‘i’ ‘pshowsthat t e discretesystemis boundedfromaboveby
theassociatedCTPN withmarkingm; = rnP+ ~P, and
frombelowby the associatedCTPNwithmmkingrrl$ =

np + mp – 1. Secondly,considera stronglyconnected
btianced TPN such that p~pis uniform(i.e. it routesto-
kensto dl the downstreamarcs in the sameproportions).
and assumethe existenceof a periodicthroughputAq‘~f
Iimt+m t-l Zq(t) for dl t. Then, somereworkingof the
proofof TheoremIV.1showsthatdl the transitionsadmit
thesamerate Aq= Aq,,Vq,q’.
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